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Abstract— This paper presents a forward walking strategy
for humanoid robots using a whole-body control framework.
Implementation of walking requires the coordination of move-
ments between the feet and the center of mass (COM) of the
system. In addition, the condition of preventing falling needs
to be considered at the planning stage and later the robot
is controlled to meet this condition upon execution. In this
paper, assuming that the planned velocity of the COM and
the corresponding foot trajectories are given, generating the
desired COM position and velocity by estimating the ZMP
of the foot is proposed to account for the stability condition.
This strategy provides a way to implement walking without
the explicit planning of the COM in the forward direction. The
proposed approach is implemented and verified in a simulation
of a humanoid robot.

I. INTRODUCTION

Controlling walking motion is one of the most important
and fundamental issues in humanoid robots. The planning
and control of the COM during walking is especially im-
portant because it is not only directly related to locomotion
itself but also related to the stability of the robot. Therefore,
the COM must be planned to move the robot from one place
to another while meeting the stability condition, i.e., not to
fall.

Many walking pattern-generation algorithms have been
proposed based on the ZMP (Zero Moment Point) concept
because the ZMP represents the criteria of the dynamic
balancing of biped robots [1] [2]. In earlier work [3] [4],
the ZMP is calculated based on the dynamics of each link
of the robot for biped walking. To simplify the calculation for
generating a walking pattern, the Linear Inverted Pendulum
Model (LIPM) was proposed, in which a robot is assumed
to be a single mass and a walking pattern is generated in
real time [5]. However most methods based on the LIPM are
limited in their ability to modify foot placement to a specified
location. To solve this problem, a preview control algorithm
with a ZMP based LIPM was proposed and its efficiency was
proved with experiments [6]. It remains limited in terms of
its ability to handle the ZMP when a sudden disturbance
appears or the foot location needs to be changed abruptly, as
preview control requires a future ZMP plan. Auxiliary ZMP
control [7] and a method for changing the ZMP trajectory
within a permissible region [8] were introduced to overcome
this problem. The LIPM based method without the use of
a preview controller was also developed to use the ZMP.
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Modifiable walking pattern generation based on an allowable
ZMP variation was also proposed [9]. A ZMP reference
generation algorithm was introduced, showing that a moving
ZMP is more energy-efficient than a fixed ZMP [10].

However, ZMP error always exists because the LIPM is
a simplified model which does not reflect the whole-body
dynamics of a robot. To reduce ZMP error, the LIPM which
considers changes in the angular momentum was proposed.
It successfully decreased the ZMP error and torso angle
variations about the pitch and roll axes [11]. Another way
to prevent unstable situations caused by ZMP error involves
the use of stabilizers with Force/Moment feedback [12] [13].
In two studies [6] [14], a dynamic filter which calculates
multi-body dynamics is used to estimate ZMP error, which
is compensated for by changing joint trajectories.

In this paper, we propose a velocity tracking algorithm
with a variable ZMP in forward walking using the estimated
ZMP that is computed by a multi-body dynamics model of
a robot. The goal is to implement forward walking without
explicit COM trajectory generation by utilizing the available
ZMP within a whole-body control framework. First, the
torque command is computed when the desired velocity and
position of the COM are commanded, which are determined
based on the planned velocity. The ZMP is then estimated
by the whole-body control framework [15]. If the estimated
ZMP violates the ZMP stability condition, the desired ve-
locity is then modified. The difference between the planned
velocity and the modified desired velocity of the COM is
integrated to check if the desired velocity on average is below
the planned velocity of the COM. Depending on whether
the integrated value is negative or positive, higher or lower
velocities are commanded whenever the ZMP has margins
within the foot boundary. This proposed approach differs
from most other approaches because there is no explicit
planning of COM trajectories.

This paper is organized as follows. Explanation of the
whole-body control framework for humanoid robots and
ZMP estimation method are given in Section II. Section III
presents a strategy for generating COM trajectories and walk-
ing motions in the forward direction based on the planned
velocity and on estimations of the ZMP. The proposed
strategy for walking is then implemented in a simulation
using a humanoid robot model. The simulation results are
presented in Section IV. The conclusion is given in Section
V.
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II. ZMP ESTIMATION IN WHOLE-BODY
CONTROL FRAMEWORK

A. Contact-Consistent Whole-Body Control Framework

The contact-consistent whole-body control framework pro-
vides a control structure in which multiple tasks are defined
and executed using the full dynamics of a robot in multiple
contact situations [12]. In this paper, a biped robot is con-
trolled to track planned trajectories using this control frame-
work. The tasks can be defined as a vector of the correspond-
ing coordinates such as X = [XT

COM , X
T
LeftFoot, · · · ]T .

Then, the task Jacobian is similarly constructed by stacking
the corresponding Jacobians. The control force for the tasks
can be composed with the following dynamics in the task
space:

Λ(q)Ẍ + µ(q, q̇) + p(q) = F (1)

where

Nc = I − JT
c J̄

T
c (2)

Λ(q) = [JA−1NcJ
T ]−1 (3)

J̄T = ΛJA−1Nc (4)
µ(q, q̇) = J̄T b(q, q̇)− ΛJ̇ q̇ + ΛJA−1JT

c ΛcJ̇cq̇ (5)
p(q) = J̄T g(q). (6)

Here, Λ(q) is the inertia matrix in the operational space,
µ(q, q̇) is the vector of the Coriolis and centrifugal forces
at the operational space, and p(q) is the vector of the
gravity forces at the operational space. The matrix A is the
inertia matrix in the joint space, b(q, q̇) is the Coriolis and
centrifugal vector, and g(q) is the gravity vector. The contact
Jacobian Jc is defined as ϑc = Jcq̇, where ϑc is the linear
and angular velocity of the contact point and q is the vector
of the joint angles. For the control force F in the operational
space, the control torque Γ can be computed by

Γ = (Jk)TF

= (Jk)T Λ{f∗ + µ+ p}.
(7)

where (Jk)T is a modified task Jacobian accounting for
contacts and f∗ is the desired acceleration. For PD control,

f∗ = kp(xd − x) + kd(ẋd − ẋ), (8)

where xd is the vector of the desired position, the term
ẋd is the vector of the desired velocity, and the values kp
and kd are the proportional and derivative gain. One earlier
study contains details pertaining to the whole-body control
framework [12].

B. ZMP Estimation

When the robot is controlled by the whole-body control
framework described in Section II-A, the expected contact
forces and moments can be calculated in real time. The ZMP
is then estimated using these values. That is, given the control
torque Γ computed for the tasks, the expected contact forces
and moments are obtained by

fc = J̄T
c Γ− µc − pc, (9)

where

Λc = (JcA
−1JT

c )−1 (10)
µc = Λc{JcA−1b(q, q̇)− J̇cq̇} (11)
pc = ΛcJcA

−1g(q) (12)
J̄T
c = ΛcJcA

−1. (13)

The vector fc is the expected contact force and moment
vector. The matrix J̄c is the dynamically consistent inverse
of Jc, the vector µc is the projection of the Coriolis and cen-
trifugal vector on the contact space, and the vector pc is the
projection of the gravity vector on the contact space. When
there is single-plane contact at the supporting foot where the
contact force vector fc = [Fx Fy Fz Mx My Mz]T , the ZMP
can be estimated using these contact forces and moments.

rx,est = −My

Fz
, (14)

ry,est =
Mx

Fz
, (15)

where rx,est and ry,est are the estimated ZMP values in
the x and y directions, respectively. The ZMP is estimated
with the desired torque values, which are computed for the
execution of the desired tasks. In the following sections, the
estimated ZMP is used to modify the desired task commands
and torques before actually sending the commanded torques
to the robot to allow the actually commanded torque to meet
the stability condition.

III. VELOCITY TRACKING IN FORWARD
WALKING USING ZMP ESTIMATION

A. Walking in Forward Direction

Walking in a forward direction, i.e., in a sagittal direction,
is implemented given the planned velocity and foot step
length. First, given these parameters, the foot trajectories
are designed in both the sagittal and vertical directions. The
initial COM trajectory is generated from the given planned
velocity. Then, these tasks are commanded to the whole-body
control framework. The execution of these tasks, however,
can violate the condition that the ZMP must remain within
the supporting polygon. Whether or not this violation occurs
can be checked using the ZMP estimation explained in the
previous section.

Once the ZMP is expected to go over the limits, the ZMP
can be modified to stay within the boundary by either initi-
ating a null space control strategy or by changing the tasks
of the COM or the swinging foot. In this paper, changing the
COM trajectory for the ZMP to remain within the boundaries
is investigated to achieve the desired speed of walking. When
the estimated ZMP is ahead of the front boundary of the
supporting foot, the desired ZMP can be modified and thus
pulled into the boundary. This will increase the acceleration
of the COM in the forward direction while maintaining
the foot trajectories as they were. Alternatively, when the
estimated ZMP is below the boundary of the supporting foot,
the COM will be decelerated by pushing the ZMP location
forward. Although this algorithm can prevent the robot from
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Fig. 1. The coordinate for the walking on the biped robot. The COM
is described based on the frame, which is at the center of the supporting
foot.

falling, it does not guarantee the robot to follow the desired
velocity. Therefore, the proposed strategy is to keep track
of the difference between the desired and planned velocities,
and to increase or decrease the desired velocity whenever the
ZMP allows.

As part of this process, it is necessary to compute the
desired position and velocity of the COM in the next servo
cycle to achieve the modified desired ZMP. The LIPM model
is used to approximate the relationship between the COM
and ZMP. The whole-body control algorithm is then applied
to determine the exact value of the desired COM position
and velocity by iteration.

B. COM Trajectory Modification using ZMP Estimation and
LIPM

The LIPM provides trajectories for the position and ve-
locity of a COM reflecting a reference ZMP [9]. It can be
expressed as[

xd
Tcvd

]
=

[
cosh(∆t

Tc
) sinh(∆t

Tc
)

sinh(∆t
Tc

) cosh(∆t
Tc

)

] [
x
Tcv

]
− 1

Tc

[
(cosh(∆t

Tc
)− 1)rx,ref

sinh(∆t
Tc

)rx,ref

]
,

(16)

where ∆t is the control period of the robot system, xd and
vd are respectively the desired COM position and velocity in
the sagittal direction, x and v are likewise the current COM
position and velocity in the sagittal direction and rx,ref is
the reference ZMP for the sagittal direction of the LIPM.
The time constant Tc =

√
zc/g, where zc is the height of

the COM and g denotes the degree of acceleration by gravity.
First, the reference ZMP is selected as the desired

ZMP(rx,d). The desired position and velocity of the COM
can be computed using the model. The estimated ZMP
can then be calculated by commanding these desired values
for the COM into the whole-body control framework. The
estimated ZMP is different from the desired ZMP, as the
LIPM model is a simplified version and because there are
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Fig. 2. Iteration result of ZMP. With an increase in the number of
iterations, the estimated ZMP converges to the desired ZMP.

motions other than COM. Therefore, the reference ZMP is
updated by the amount of difference between the desired
ZMP and the estimated ZMP. The desired ZMP and the
estimated ZMP converge to the same value by iteration,
from which the desired position and velocity of the COM
are computed. This process can be shown via the pseudo
code below:

while |rx,d − rx,est| ≥ threshold do
Calculate trajectory xd, vd using (16).
Calculate desired torque using (7) with xd, vd.
Calculate contact forces fc and moments using (9).
Calculate rx,est using (14).
Update reference ZMP, rx,ref = rx,ref +rx,d−rx,est.

end while
The iteration result of the ZMP is shown in Fig. 2. The
estimated ZMP converges to the desired value when the
iteration number increases.

C. Planned Velocity Tracking Algorithm

The velocity of the COM becomes faster or slower depend-
ing on the modification of the COM trajectory introduced in
the previous section. However, it is possible to increase or
decrease the commanding velocity whenever the ZMP has a
feasible region to change. This possibility occurs when the
expected ZMP is within the supporting polygon, as illustrated
in Fig.3.

If the desired velocity is modified while walking is taking
place, the velocity of the robot on average will differ from
the planned value. Therefore, our goal is to match the mod-
ified desired velocity on average with the planned velocity.
This is accomplished by the following procedure. First, the
difference between the modified desired velocity and the
planned velocity is integrated over time. If the integrated
value is negative and there are lower margins for the ZMP,
the desired ZMP is set to the necessary value to compensate
for the integrated value and thus increase the velocity of the
COM until the integrated value becomes zero. Alternatively,
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Fig. 3. Illustration of the effect of changing ZMP. When the ZMP
moves backward during walking, the velocity of the COM become faster,
and when the ZMP moves forward, the velocity of the COM become slower.

if the integrated value is positive, the desired ZMP value is
set to value within the boundary of the ZMP to decrease the
velocity.

The experimental result shown in Fig. 4 illustrates how
the algorithm works. Fig.4 is the part of the walking with
planned velocities of 0.063 [m/sec] and 0.156 [m/sec]. The
planned velocity changes here at 0.8 [sec]. At 0.8 [sec], to
follow the changed planned velocity, the desired ZMP takes
on a lower value of the designed boundary, as shown in Fig.
4 (a), so that the COM is accelerated. The desired ZMP
remains at the lower boundary value until the integration
of the difference between the desired velocity and planned
velocity became zero. After 0.88 [sec], the desired velocity
is constant and the integration of the velocity difference
becomes zero. In this region, the torque for maintaining a
constant velocity is generated with the ZMP, which is inside
of the boundary.

D. Lateral Motion

Lateral motion during walking is different from sagittal
motion because the COM motion is supposed to oscillate
between two feet. For this reason, the trajectory of lateral
motion is computed using the LIPM model with a zero
reference ZMP, unlike the sagittal motion. The equations of
motion in the lateral direction is[

yd
Tcwd

]
=

[
cosh(∆t

Tc
) sinh(∆t

Tc
)

sinh(∆t
Tc

) cosh(∆t
Tc

)

] [
y
Tcw

]
, (17)

where yd and wd are respectively the desired COM position
and velocity for the lateral direction and the variables y and
w are likewise the current COM position and velocity for
the lateral direction.

One important aspect pertaining to lateral motion is de-
termination of the switching time of the ZMP from one foot
to the other. For simplicity, it is assumed to change instantly
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Fig. 4. Walking simulation result for sagittal direction. (a) COM
and ZMP position, (b) COM velocity, and (c) integration of the difference
between the desired velocity and the planned velocity.

at the switching time during the double support phase. The
switching time is determined such that the velocity in the
lateral direction is zero at the half-way point of the next
single support duration. At every servo cycle at the double
support phase, the velocity is checked as to whether it would
be zero in the middle of the next single support phase if the
ZMP is switched at the next servo cycle. If yes, the ZMP
is switched at the next servo cycle. This can be computed
using the following equation derived from (17).

w(T ) = (sinh(
T

Tc
)y + cosh(

T

Tc
)Tcw)/Tc, (18)
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Fig. 5. Expected velocity of lateral direction. In this case, w(T ) becomes
zero at 0.142 [sec] of the double support phase. This indicates that the ZMP
switches from one foot to the other at that time.
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Fig. 6. Trajectory of COM velocity for sagittal direction.

where T is the duration from the next servo time to half
of the single support time. This value is checked until it
becomes zero, i.e., w(T ) = 0. The plot in Fig. 5. shows the
computed values of w(T ) during a double support time in
our experiment.

IV. SIMULATION RESULTS

The proposed method is implemented in a simulation using
the physics-based simulation software RoboticsLab [16]. The
simulated humanoid robot model is MAHRU [17] which was
developed by the Korean Institute of Science and Technology
(Fig. 1). The robot has 25 joints. Each leg and arm of the
robot has 6 DOF and the waist has 1 DOF (yaw). The length
and width of the foot are 0.25 m and 0.14 m, respectively.

The whole-body control framework is used to control the
COM position of the robot and the orientation of the trunk
during the double support time. Additionally, the position
and orientation of the swinging foot is controlled during
the single support phases. The orientation of the trunk and
foot was commanded to maintain their initial values at the
onset of walking. The foot position trajectory was generated
with a cubic spline function for each direction. The proposed
algorithm is applied to walking while increasing the planned
velocity in the sagittal direction. As shown in Fig. 6, the
walking started in a stationary state and the walking speed
for the sagittal direction was changed four times with step
functions. The planned velocity was 0.063 [m/sec] when the
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Fig. 7. COM and ZMP for sagittal direction.
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Fig. 8. COM and ZMP for lateral direction.

walking started, and it was changed to 0.156, 0.219, and
0.25 [m/sec] at 0.8, 1.6, and 2.4 [sec], respectively. The
generated foot step lengths for the sagittal direction were
set to 0.1, 0.15, and 0.2m for the first three steps. Then,
the step length was repeated with the length set of 0.25m
from the fourth step. The lateral motion was designed to
repeat symmetric foot steps to maintain a relative distance
of 0.22m from the other foot. The double and single support
times were set to 0.16 [sec] and 0.64 [sec], respectively, for
every walking period. The threshold for ZMP control with
iteration in Section III-B was 0.001.

The experimental results using the proposed algorithm are
plotted in Figs. 6 - 8. Fig. 6 shows the planned velocity
and generated trajectory. The generated trajectory tracks
the planned velocity well except for two situations. One is
when the planned velocity changes and the other is when
the contact state changes. The first situation is mainly due
to the fact that the changes in the planned velocity are
discontinuous. The second is because discontinuous contact
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forces appear and vibration occurs at the moment the contact
state changes suddenly. This occurred periodically after 0.16
[sec] with an interval of 0.8 [sec] and appeared periodically
with a period of 0.8 [sec] after 1.5 [sec] as well. These events
are caused by the collision between the swinging foot and
the ground.

For the sagittal direction, the desired ZMP during walking
went to the lower value of the designed boundary for the
COM to accelerate, after the planned velocity changed. Then,
it went inside of the foot after acceleration ended. This can
be seen at the time between 0∼2.4 [sec] in Fig. 6 and Fig.
7. At 2.4 [sec], the planned velocity changed but the desired
ZMP did not go to the lower boundary because the desired
acceleration was small enough to be generated with the ZMP
inside of the foot. After 2.4 [sec], the desired velocity became
relatively large and effect of other motions on the ZMP
also became too large to follow the velocity. Therefore the
ZMP went out of the upper boundary at 4.08∼4.15 [sec],
4.87∼4.91 [sec], 5.64∼5.75 [sec], and 6.44∼6.54 [sec]. In
this case, the desired ZMP was set to the designed upper
boundary and the COM trajectory was modified to follow the
desired ZMP. After that, during 4.15∼4.18 [sec], 4.92∼4.95
[sec], 5.75∼5.79 [sec], and 6.54∼6.58 [sec], the desired
ZMP went to the lower boundary to reduce the integration
of the difference between the modified desired velocity and
the planned velocity to zero. During nominal walking, the
planned velocity can be achieved with the available ZMP
changes. This approach, however, may not generate the exact
desired velocity when there is large whole-body motion or
a disturbance. In such cases, it is desirable to change the
desired velocity and the foot trajectories accordingly.

For lateral motion, the COM trajectory was generated by
the equation used in Section III-D and the result of the
execution is plotted in Fig. 8.

V. CONCLUSION

A forward walking strategy with a given planned velocity
of the COM is proposed. The ZMP is estimated using whole-
body dynamics and used to check the stability condition.
When the estimated ZMP does not satisfy the stability
condition, the COM trajectory is modified to change the
estimated ZMP for stable walking. The proposed algorithm
was implemented using a 25-DOF humanoid model in the
physics-based simulation. The results is demonstrated that
this strategy can generate walking with a changing velocity
without the explicit planning of the COM trajectory.

The proposed approach is expected to be especially useful
when there are whole-body motions such as motions of
the arms. Our future work will include further experiments
in such situations, synchronization of the COM velocity
and foot step planning, and experimental validation with a
physical robot.
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