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Abstract— Robots in use often need to be re-calibrated, due
to the mechanical part deformation resulted from unexpected
collisions. However, current calibration algorithms are not
easy to be applied to humanoids and they require complex
experiment setup. This is because humanoids have difficulties
in gathering absolute pose measurement since they do not have
a fixed frame on its body. On the other hand, the relative
pose over time can be easily measured by a camera or a
lidar that are usually attached to the humanoids’ head. In
this paper, we present a convenient and low-cost calibration
method for humanoids by using relative pose measurements in
walking motion. Our framework starts from the assumption
that the sole of the support foot at every single footstep can
be thought of as the temporary fixed frame while walking.
Then, based on the decision of the supporting foot, we model
the forward kinematics of an open chain from the foot to the
head. In the description of a kinematic model, we use the local
product of exponentials (POE) formula to take advantages of
its simplicity and continuity in computation. Then, we solve the
least square problem formulated to minimize the error between
the actual measurement and nominal value computed from the
corresponding joint angle data. Lastly, simulation results will
be discussed to verify the feasibility of this framework.

I. INTRODUCTION
In general, the problems in robotics such as motion
planning, control, and even mapping unknown environment
are highly dependent on the model and its parameters. The
kinematics of robots is an example, of which we often set
the parameters based on its design value. However, the actual
values may not be the same as the CAD model because
there is so much chance of error possibly caused from
manufacturing, assembly tolerance and part deformation. The
inaccuracy in model generated from those errors sometimes
causes serious problems; for example, humanoids with inaccurate kinematics can walk in a biased direction, and even it
could fail to localize itself when its mapping algorithm uses
unreliable odometry calculated from inaccurate kinematics.
Many proposed methods to calibrate robots such as [1],
[2], [3], [4] are developed to be suitable for industrial
manipulators. These methods require the measurements of
end-effector pose from the base frame in various configuration, and these measurements are not easy to be taken for
humanoids because humanoids do not have any fixed frame
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on their body. In [5], a camera on the robot’s head was used
to measure the pose of the sole frame from the head. They
hold the robot’s back in place and attach a checkerboard
to its foot, so that a camera can detect it and measure the
poses. Another method proposed in [6] also measures the
foot position while a robot is lying down. They used an
industrial robot and captured the foot poses by connecting
the robot’s tool to the humanoid’s sole.
However, re-calibration is often required for humanoids
after a collision, which occurs frequently and causes deformation in robot geometry. The problem is that the methods
mentioned above are not easily available but require specific
experiment setup to fix the robot’s back to the ground. To
address this problem, the method to calibrate a robot while
a robot is walking was suggested based on the assumption
that a robot will keep both feet on the same plane during
the double support phases[7]. However, robots in a double
support phase usually have unstable contacts.
In this paper, we propose a new calibration framework to
enable a humanoid to be efficiently calibrated through walking motion. Instead of using absolute pose measurements, we
take advantages of using time sequential relative pose data.
It can be easily taken from 3D Visual Odometry (VO) or
Lidar Odometry (LO) that are widely used in Simultaneous
Localization and Mapping (SLAM) algorithms. In addition,
it does not require any additional setup so that we can get
this data while a robot is just walking.
II. PROBLEM FORMULATION
This framework consists of three steps: (i) Decision of a
Supporting foot, (ii) Data processing for calibration, and (iii)
Formulation of the optimization problem including setting an
appropriate forward kinematics and error model that should
be minimized to obtain proper kinematic parameters.
A. Decision of a Supporting Foot
The proposed calibration framework for a humanoid system is built based on the assumption that the support foot
can be considered as a temporary fixed frame while a robot
is walking. Generally, a humanoid holds a ground contact
continuously changing from single to double support foot
phase. Considering the fact that the contact during double
support foot phase tends to be more unstable, we will only
use the data that is supposed to be in a single support foot
phase. Sensor attached to the foot(e.g. a force torque sensor
or a pressure sensor) can be used to determine which foot is
the support foot, but in this paper, we will just compare the
z-direction distance of the left and right foot.

(qk , qk+1 , dgk,k+1 ), where dg ∈ SE(3) refers to the relative
pose estimated from the consecutive images (Ik , Ik+1 ).
In implementation of this process, cubic spline interpolation, or smoothing interpolation algorithms seem to be a good
possible way to achieve it. If the joint angle data is smooth
and reliable enough, then cubic spline that guarantees the
second derivative continuity would be applicable. Otherwise,
we should use another interpolation method like kernel
smoothing functions that prevent us from overshoot problems
caused by the noise. Let f : t ∈ R → q ∈ Rn be the mapping
function of the joint angle with respect to the observation
time, which can be obtained by interpolation algorithms that
are mentioned above.
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C. Forward Kinematics Model
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(c) Step planning and z-dir difference between left and right foot

Fig. 1: Description of DYROS-JET foot and walking motion
Fig. 1 shows the difference of z-direction distances between the left and right foot when the robot is walking. Zdirectional distance from the sole to the torso of the robot
can be calculated from nominal kinematic parameters of
the robot. Then we can decide a supporting foot with the
threshold value  as:

Left,
if Zlef t − Zright > 
Supporting Foot =
Right, if Zlef t − Zright < −
(1)
 = 0.05 will be used for our simulation later.
B. Synchronization of Data
One of the major problems with this calibration framework
is asynchronous data captured by two different kinds of
equipment: the joint angle data measured from the encoder
and the relative pose data from the camera. In addition,
some humanoids system might have separate computers to
process each data efficiently. In this case, we can use Network Time Protocol (NTP) software such as OpenNTPD[8]
or chrony[9], to synchronize the clocks between computer
systems. Then, we will get each data with the synchronized
time stamp that represents the observation time.
Let (ti , qi ) denote the pair of observation time and joint
angle data that are usually obtained at high frequency(200Hz1kHz), and (t0j , Ij ) denote the pair of observation time
and image frame data that are obtained at relatively low
frequency(15-30Hz). Since the relative pose will be used in
this framework, we just need to take this pair in the form of

A generic forward kinematics for an n-DOF serial robot
can be modeled via minimal Product-of-Exponential (POE)
formula as:
g(q) = e[ζ̂1 ]q1 e[ζ̂2 ]q2 · · · e[ζ̂n ]qn M

(4)

where qi is the joint variable, ζ̂i is a unit screw axis
of the joint i expressed in the fixed frame Os , and lastly,
M = g(0) ∈ SE(3) is the end-effector configuration when
all joints are set to zero. Here, we used ˆ· to indicate that
the screw is a unit screw axis, and [(·)] represents the skewsymmetric matrix of the vector (·). These representations are
similar to the ones given in [10].
Without using any link reference frame, the kinematic parameters can have a unique solution in minimal POE formula
by describing all the screws and end-effector configuration
in the base frame coordinate. However, this formula does
not identify each link’s geometry and therefore it is not
convenient to work with Unified Robot Description Format
(URDF)[11], a widely used format to describes kinematics.
For these reasons, we decided to identify the parameters
based on the link reference frame to enhance the applicability
of this framework.
By separating zero end-effector configuration M into
e[ξ1 ] e[ξ2 ] · · · e[ξn ] e[ξtcp ] , we can describe a unit screw axis in
the link reference frame, and model the forward kinematics
solely for the link geometric information. This formulation
was firstly introduced in [12] as the local POE formula.
g(q) = e[ξ1 ] e[ŝ1 ]q1 e[ξ2 ] e[ŝ2 ]q2 · · · e[ξn ] e[ŝn ]qn e[ξtcp ]

(5)

where,

[ξi ] =

[ωi ] vi
0
0


∈ se(3)

(6)

2) Relative Pose Error Model: Similarly, we can derive
kinematic error model subject to the relative pose. From
the equation (5), relative pose difference between two poses
determined by joint variables qt1 and qt2 can be written as
follows:
dg(qt1 , qt2 ) = g(qt1 )−1 g(qt2 )
t1

t1

t1

= e−[ξtcp ] e−[ŝn ]qn e−[ξn ] · · · e−[ŝ2 ]q2 e−[ξ2 ] e−[ŝ1 ]q1
t2
t2
:
*

]
1
1 ] [ŝ1 ]q1

e−[ξ
· 
e[ξ
e
· · · e[ξn ] e[ŝn ]qn e[ξtcp ]
(11)
As you can see from the equation, relative pose is not
dependent on the configuration of the first joint, so it is
impossible to identify the parameters of the first joint if we
use relative pose in calibration. However, even when we use
absolute pose data in calibration, the geometry of the first
joint from the soles of the foot is hardly identified because a
camera is only possible to measure the pose of checkerboard
attached to the foot rather than the sole itself. Thus, we will
not consider this seriously. Then, the error model for the
relative pose is given by:

Fig. 2: Forward kinematics of a n-DOF serial robot
with
vi , ωi ∈ R3 ,
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In the equation (5), [ξi ] ∈ se(3) represents the twist of
transformation matrix between the link reference frames and
each [sˆi ] ∈ se(3) represents the joint i’s unit screw axis
that is expressed in the link reference frame, which we will
arbitrarily set in advance. Therefore, we can fix ŝi and the
only variables of the problem become ξi .

δdg(qt1 , qt2 ) · dg(qt1 , qt2 )−1 =

As shown in [13], redundant parameters should not be
involved in the error model at the same time. Therefore, it
is sufficient to consider the only variable ξi to get derivative
of g.
Now, let ga and gn be the configuration of actual and
nominal end-effector frames, respectively, where ga is obtained from the measurement data and gn is computed based
on the nominal parameter values. Then δgg −1 = (ga −
gn )gn−1 = ga gn−1 − I. With the first-order approximation
of exponential taylor expansion, ga gn−1 = I + log(ga gn−1 ) +
log(ga gn−1 )2 /2! + · · · , δgg −1 ∈ se(3) is also given by [14],
[15].
δgg −1 = ga gn−1 − I ≈ log(ga gn−1 ),
(9)
Hence, after completing the procedure of pose measurements, the identification of kinematic parameters is to solve
the least-square problem
∂g  −1 2
δξ g k
(10)
min klog(ga gn−1 ) −
∂ξ

(12)

which refers to the difference of pose change δdg with
respect to the different twist δξ in the frame of later endeffector configuration g(qt2 ). And then, for the simple notation, let ξn+1 denote ξtcp and, Tk , Tk0 represent:
Tk (q) = e[ξ1 ] e[ŝi ]q1 · · · e[ξk ] e[ŝk ]qk =

D. Linearized Kinematic Error Model
1) Absolute Pose Error Model: The linearized kinematic
error model using absolute pose is successfully derived in
[13], which can be obtained by linearizing the forward
kinematic equation (5) as follows
∂g  −1
δgg −1 =
δξ g
(8)
∂ξ

∂dg  −1
δξ dg
∂ξ

Tk0 (q) = e−[ξtcp ] e−[ŝn ]qn e−[ξn ] · · · e
= g(q)−1 e[ξ1 ]

k−1
Y

k
Y

e[ξi ] e[ŝi ]qi

(13)

i=1
−[ξk+1 ] −[ŝk ]qk

e

e[ŝi ]qi e[ξi+1 ]

(14)

i=1

Then, the equation (12) is derived as
V
V


δdg · dg −1 = δe−[ξtcp ] e[ξtcp ] + · · ·


V
+ T20 (qt1 ) δe−[ξ2 ] e[ξ2 ] T20 (qt1 )−1

V

+ g(qt1 )−1 T1 (qt2 ) δe[ξ2 ] e−[ξ2 ] T1 (qt2 )−1 g(qt1 ) + · · ·

V

+ g(qt1 )−1 Tn (qt2 ) δe[ξtcp ] e−[ξtcp ] Tn (qt2 )−1 g(qt1 )
(15)
introducing
the adjoint map and derivation of
V
 By
δe[ξi ] e−[ξi ]
given in [13], equation (15) can now be
derived in fully explicit form as:


δdg · dg


−1 V

=

n 
X
V

Adg(qt1 )−1 Ti (qt2 ) δe[ξi ] e−[ξi ]
i=1

=

 −[ξi ] [ξi ] V
0
e
+AdTi+1
(qt1 ) δe

n 
X
Xi Ai δξi + Yi Bi δξi
i=1



(16)

square problem.

where,

 [ξi ] −[ξi ] V
4 − θi sin(θi ) − 4 cos(θi )
δe e
= I6 +
Ωi
2kωi k2
4θi − 5 sin(θi ) + θi cos(θi ) 2
+
Ωi
2kωi k3
2 − θi sin(θi ) − 2 cos(θi ) 3
Ωi
+
2kωi k4
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Ωi δξi
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=Ai δξi
(17)
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δe
e
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(18)
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with
∆yj
Jj

log(dga dgn−1 )j ∈ R6

n 
X
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=
=

j

i=1
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R
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Finally, we can obtain optimal kinematic parameters ξ by
updating screws at each iteration until the error converges to
the value close to zero.
ξi∗ = ξi + δξi

(27)

and
III. SIMULATION RESULTS AND DISCUSSION
Ωi

=


[ωi ]
[vi ]

θi

=

2
2
2 1/2
kωi k = (ω1i
+ ω2i
+ ω3i
)


0
[ωi ]

(21)
(22)

In this section, simulation experiments are presented for
our calibration with DYROS-JET described in Fig. 1a. More
specific information on DYROS-JET can be found in [16].
The overall simulation process is described in Fig. 3.

With the actual relative pose dga measured during the
movement and nominal value dgn computed accordingly
using kinematic parameters, δdg ·dg −1 can also be expressed
as
V

δdg · dg −1

=

[(dga − dgn ) · dgn−1 ]V

=

[dga dgn−1 − I]V

≈ log(dga dgn−1 )

(23)

E. A Least Square Problem
With the observed data on various configurations while a
robot is walking, the least square problem to find optimal
kinematic parameters can be formulated from the equation
(16) and (23) as

min

m
X
j=1

k log(dga dgn−1 )j −


n 
X
Xi Ai +Yi Bi δξi k2 (24)
i=1

j

where (·)j denotes jth observation data of m observations
in total. Then, we can obtain the solution by solving the least

Fig. 3: simulation process diagram
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ω1
v1

0,0,0
0,0.075

-0.02,0.01,0
0.0096,-0.0057, 0.0750

-1,0,0
0,0,0

ω2
v2

0,0,0
0,0,0

0.0200,0,-0.0100
0.0050,0, 0.0050

0,1,0
0,0,0

ω3
v3

0,0,0
-0.06,0,0.368

0,0,0
-0.0700, 0.0010, 0.3780

0,1,0
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ω4
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0,0,0
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-0.1449,-0.0002, 0.3475

0,1,0
0,0,0

ω5
v5

0,0,0
0,0,0

0, 0.0200, 0.0010
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v6

0,0,0
0,0,0

0, 0.0010,-0.0200
0.0100,-0.0010, 0.0100

0,0,1
0,0,0

ωtcp
vtcp

0,0,0.524
0.021,-0.116,0.698

0.0052,-0.0195, 0.5336
0.0378,-0.1130,0.7078

0
500

1000

1500

2000

2500

3000

500

1000

1500

2000

2500

3000

0
0
-0.5

500

1000

1500

2000

2500

3000

-1
0

500

1000

1500

2000

2500

3000

0

500

1000

1500

2000

2500

3000

0.2
0.1
0
-0.1
0

500

1000

1500

2000

2500

3000

0.1
0
-0.1
-0.2
0
0.4

LAnklePitch

0.6

-0.4

LAnkleRoll

LAnklePitch

1000

nominal
link screw(ξn )

0.1

-0.1
0

LHipPitch

0
-0.1
-0.2
-0.3
0
1

500

LKneePitch

-0.1
0
0.2
0.1
0
-0.1
0

0

LAnkleRoll

LHipYaw

0

LKneePitch

LHipPitch

LHipRoll

LHipYaw

joint data trajectory (rad)
0.1

0.2

0.6
0.4

(a) Joint trajectory of the robot lower-body

TABLE I: The local POE kinematic parameters of the left
foot of DYROS-JET

(b) Snapshots of the walking motion

Fig. 4: Joint trajectory and configurations of the humanoid
robot walking along the circle

A. Experiment Setup
1) Motion Data: The motion of a robot that walks along
the circle for about 15 seconds is used in this experiments.
If we use motion data that does not move a particular
joint between any two links, the information on the two
links can not be identified. Thus, we used circular walking
motion that moves all joints, of which the joint trajectory and
the configuration sequence are shown in Fig 4. For similar
reason, we also assumed that the upper-body of a humanoid
as one link.
2) Kinematic Parameters: To evaluate the performance of
our kinematics calibration algorithm, the actual kinematic parameters are virtually derived from the nominal parameters,
which are presented in TABLE I. Then, we generate virtual
measurement along the joint trajectory described in Fig. 4
based on the kinematics model with actual parameters.
3) Virutal Measurement: To realize our simulation closer
to the real environment, we assumed that the joint trajectory is given at 200Hz and the relative pose measurement is given at 30Hz. Then, we can obtain 80 data pairs
(qt1 , qt2 , dga (t1 , t2 )) of left foot and 68 data pairs of right
foot by applying the supporting foot criterion defined in
section II-A to the walking motion data(15s). In addition, we
perform the experiment in two ways to verify the feasibility
of this framework in practice: without the measurement noise
and with the measurement noise that is uniformly distributed.

link screw

calibrated without noise

calibrated with noise

ω1
v1

0,0,0
0,0, 0.0750

0,0,0
0,0,0.0750

ω2
v2

0, 0.0183,-0.0100
0,-0.0023, 0.0050

-0,0.0179,0.0005
0,0.0008,-0.0185

ω3
v3

0,0,0
-0.0769,-0.0023, 0.3766

-0.0018,0,-0.0017
-0.0817,0.0008,0.3879

ω4
v4

-0.0001,0, 0.0100
-0.1477,-0.0023, 0.3462

-0.001,0.0003,0.01000
-0.1465,0.0008,0.3518

ω5
v5

0, 0.0216, 0.0010
0.0055,-0.0023, 0.001

-0.0083,0.021,-0.0105
-0.0102,0.0007,0.0061

ω6
v6

0, 0.0010,-0.0045
0.0055,-0.0011, 0.0099

-0.0083,0.0041,-0.0027
-0.0102,0.0243,0.0013

ω7
v7

0.0051,-0.0196, 0.5181
0.0369,-0.1132, 0.7078

0.0031,-0.0195,0.5200
0.0378,-0.1154,0.6991

TABLE II: The local POE kinematic parameters obtained
after calibration

The level of noise is set in the range [-0.2 0.2](in millimeter)
and [-0.1 0.1](in milli-radian) and applied as a form of
twist like dga,noise = dga (qt1 , qt2 ) · eξe , with uniformly
distibuted noise ξe . We determined the noise size based on
the recent results of the performance of stereo camera Visual
Odometry (VO), which has translation error 0.65 ∼ 2.6%
and orientation error 0.0014 ∼ 0.0078 deg/m, with the
average of relative pose used in our work, about 9mm/s.
B. Simulation Result and Discussion
As we discussed in the previous section, the parameters of
local POE kinematics cannot be identified with the uniqueness but just estimated near the initial value. Thus, we need to
use the proper tricks to deal with the null space in jacobian
inverse to solve the least square problem described in the
equation (25). The most general method to solve this problem
is to add damped term prior to taking inverse of the matrix.
∆x∗ =(J T J + σD)−1 J T ∆y

(28)
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during walking motion based on the assumption that the
support foot at each single footstep can be considered as
the temporary fixed frame while a robot is walking. In
addition, we derived the kinematic error model with respect
to the relative pose(pose change over time). Relative pose
measurement can be easily obtained from visual odometry
algorithms with cameras that are generally attached to the
robot head. Then, we carried out simulations to estimate the
kinematic parameters from the proposed calibration method.
From the simulations, we verified that our calibration method
can reduce the relative pose error effectively. All things
considered, since the proposed method has high applicability
and does not require additional high-cost experiment setup,
we expect this algorithm will take a lot of advantages in a
humanoid calibration.
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Fig. 5: Relative pose error mean during the iteration of
calibration

Where, σ is a value small enough, and D is a diagonal
matrix. If we want to compensate the error uniformly on
the link, we can set D to an identity matrix, or if we want
to compensate the error proportional to the link length, we
can benefit from using a diagonal matrix of which terms are
inversely proportional to the link length. In this paper, we
T
used an identity matrix for D, and 0.01 · λ+
min (J J) for σ.
+
λmin is the smallest eigenvalue of the matrix that is larger
than 0 or an equivalent constant(we used 1e−8 for this).
Then, calibrated link screws are obtained as given in Table
II.
The relative position and orientation errors during each
iteration of the calibration with and without the noise are
illustrated in Fig. 5 respectively. As shown in the figure,
an average error in relative position and orientation rapidly
decrease by 15% and 4.6% respectively, even when we apply
the measurement noise term.
IV. CONCLUSIONS
A new low-cost and convenient method to calibrate the
kinematic parameters of a humanoid has been proposed.
Our calibration framework is developed to use measurements
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